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1. Introduction 
The well-known theorem of BANACH [1] concerning contractive self-
mappings of a complete metric space has been widely used in the existence 
theorems in differential and integral equations. EDELSTEIN ([3], [4]) 
extended Banach's theorem in various ways to contractive and non-
expansive self-mappings of a metric space. Recently many attempts have 
been made ([2], [6], [7]) to generalize these results to non-metrizable 
spaces - in particular to uniform spaces - and various definitions have 
been proposed. In this paper an attempt has been made to study contrac-
tive mappings in Hausdorff uniform spaces by the use of the generalized 
metric introduced by KALISCH [5]. 
The method of KALISCH is briefly described here and the reader is 
referred to his paper [5] for details. Let I be a partially ordered set and 
let R = II Ri where each Ri is the real line with the usual topology. Let R 
iel 
be assigned the Tychonoff product topology and be partially ordered 
lexicographically relative to the partial order of 1. A generalized metric 
d on a set X is a function on X X X to R such that for all x, y, z EX, 
(i) d(x, y);> 0 E R, 
(ii) d(x, y)=O iff x=y, 
(iii) d(x, y) = d(y, x), 
(iv) d(x, y) + d(y, z);> d(x, z). 
For a real 8> 0 we shall understand by E an element of R say (Yi) where 
Yi = 8 for i E J a finite subset of I and Yi = + 00 for i E I -J. (In any 
discussion having given or chosen E or S we shall keep them fixed). The 
generalized d-sphere about x E X as center and radius E> 0 is 
S(x, E)={y E X I d(x, Y)<E}. 
For any E>O let Ue={(x,y) EXxXld(x,y)<E}. Then the set 
fJ?J={Ue I E>O} is a basis for a uniformity of X under d and this makes 
X a Hausdorff uniform space. KALISCH [5] has shown that conversely 
every Hausdorff uniform space has a basis for its uniformity induced by 
a generalized metric. In the sequel X will denote a Hausdorff uniform 
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space with a basis f!J for its uniformity induced by a generalized metric d 
and the terms Cauchy sequence, complete etc. will have usual meaning 
with reference to d. 
2. N onexpansive Mappings 
In this section we extend the recent results of EDELSTEIN [4] to uniform 
spaces. 
2.1. Definition: A function I: X --+ X is said to be nonexpansive 
(or £-nonexpansive) iff d(f(p), I(q))<d(p,q) for all p,qEX (or for all 
p, q E X and d(p, q) < E). If we have a strict inequality sign for all 
p, q EX, P =I=- q (for p, q E X such that O<d(p, q) <E) then I is said to be 
contractive (£-contractive). 
2.2. Definition: A point y Eye X is said to belong to the I-closure 
of Y or in symbols Y E Yi iff I(Y) C Y and there exists an 1] E Y and an 
increasing sequence {ni} of positive integers such that lim In;(1]) =y. 
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2.3. Definition: A sequence {Xi} C X is isometric (£-isometric) iff 
d(xm, xn) = d(xm+k' Xn+k) for all positive integers k, m, n (for all positive 
integers k, m, nand d(xm, xn) < E). A point X E X is said to generate an 
isometric (£-isometric) sequence under I iff {fn(x)} is isometric (£-isometric). 
The following results 2.4-2.6 are proved easily by repeating the proofs 
of the corresponding theorems of EDELSTEIN [4] with e, ~ replaced by 
£, 5 respectively. 
2.4. Theorem: (Cf. [4] page 689) If I: X --+ X is £-nonexpansive 
and x E Xi then there exists an increasing sequence {mj} of positive 
integers such that lim Imi (x) = x. 
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2.5. Theorem: (Cf. [4] page 690) If I: X --+ X is an £-nonexpansive 
self-mapping then each x E Xi generates an £-isometric sequence. 
2.6. Corollary: If I: X --+ X is nonexpansive then each x E Xi 
generates an isometric sequence. 
2.7. Theorem: (Cf. [3] page 74) If I: X --+ X is contractive and 
x E Xi then x is a unique fixed point of I. 
Proof. By 2.6, d(x, I(x)) = d(f(x), 12(X)) but I is contractive and so 
d(f(x),j2(x))<d(x,/(x)). This shows that d(x,/(x))=O and so x=/(x). Also 
if Y E X and Y= I(y) then d(f(x), I(y)) =d(x, y) contradicting the fact I 
is contractive unless x=y. Thus x is a unique fixed point of I. 
2.8. Corollary: If X is compact and I is contractive then I has a 
unique fixed point. 
The following results 2.9-2.10 are proved similarly. 
2.9. Theorem: (Cf [3] page 76) If I is an £-contractive self-mapping 
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of X and x E XI then x is a periodic point of I i.e. there exists a positive 
integer k such that Ik(X)=X. 
2.10. Corollary: If X is compact and I is an £-contractive self-
mapping of X then I has a periodic point. 
2.11. Definition: Let 0<£ E R and let A be a real number with 
0<: A < 1. A mapping I: X -+ X is called £ - A-locally contractive iff for 
each x E X and all p, q E S(x, E), d(f(p), I(q)) <: A d(p, q). If the above 
inequality is true for all p, q E X then I is called A-globally contractive. 
The following theorem generalizes the well-known BANACH contraction 
theorem [l]. 
2.12. Theorem: If X is a Hausdorff uniform space, sequentially 
complete with respect to the generalized metric d and I is a A-globally 
contractive self-mapping of X then I has a unique fixed point. 
Proof: As usual it can be shown that for each x EX, {fn(x)} is a 
Cauchy sequence and since X is complete {In (x)} has a limit (in X) which 
is the unique fixed point of I. 
3. Unilorm Contractions 
In this section we discuss some of the recent results concerning contrac-
tive mappings in uniform spaces in the light of the generalized metric 
described above. We shall suppose that X is a Hausdorff uniform space 
with its uniformity 021 having a basis fJh By letting fJB1 =fJB we can compare 
different concepts. 
3.1. Definition: (Cf. [6] page 288) A basis fJB1 for the uniformity 
of X is said to be ample iff whenever (x, y) E U E fJB1 there exists aWE fJB1 
such that (x, y) EWe W c U. 
Since a Hausdorff uniform space is completely regular it always has an 
ample basis for its uniformity and in particular the basis fJB of section 1 
is ample. 
3.2. Definition: Let U E fJB1. A function I: X -+ X is said to be 
U-contractive iff for each x, Y E X(x =1= y), (x, y) E U implies there exists 
aWE fJB1 such that (f(x), I(y)) EWe U and (x, y) ¢ W. 
It is easily seen that if we let fJB = fJB1 then this definition is equivalent 
to the definition 2.1 of an £-contractive mapping for a suitable £>0, £ E R. 
3.3. Definition: A function I: X -+ X is OlI-contractive iff for each 
U E 021 and (x, y) E U(x =1= y) there exists aWE 021 such that 
(f(x), I(y) EWe U and (x, y) ¢ W. 
It is easily seen that this definition is equivalent to the definition 2.1 
of a contractive mapping. 
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3.4. Lemma: (Cf. [6] page 289) Let X be a Hausdorff uniform space 
with a basis f!j) obtained from a generalized metric d. For some U E f!j) 
if I: X -»- X is U-contractive and Ik[X] is compact for some positive 
integer k then I has a periodic point. 
Proof: U is obviously obtained from some £ E R with £>0 and so 
I is £-contractive. The restriction of I to Ik[X] is an £-contractive self-
mapping and so by 2.10 I has a periodic point in Ik[X] and hence in X. 
3.5. Corollary: Under the hypothesis of lemma 3.4 the set oJ 
(Xl 
periodic points of I equals A = n In[X] which is finite. 
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Proof: The result follows easily from the fact that A is compact, 
I[A]=A and for any two distinct points p, q EA, d(p, q»£. 
3.6. Definition: For U E f!j)1, X is U-chainable iff for every pair 
of distinct points Xo, Xn E X there exists a finite set of points {xi}f.:-l C X 
such that (Xi-I, Xi) E U for i= 1,2, ... , n. We can similarly define an 
£-chainable generalized metric space (uniform space). 
3.7. Theorem: If in lemma 3.3 X is U-chainable then I has a 
unique fixed point. 
Proof: Since ACXf, A itself is £-chainable for some £ER, £>0 
which corresponds to U. But for p, q E A, p =1= q d(p, q) > £ and so A must 
contain only one point which is the unique fixed point of I. 
In what follows r, s will denote natural numbers. 
3.8. Definition: (Cf. [2] page 982) A function I: X -»- X is an 
rls-map relative to IJIt iff for each U E 1JIt, IUs C Uri. If r<s then I is 
r Is-contractive. 
It should be remarked here that DAVIS [2] considered a class of spaces 
more general than Hausdorff uniform spaces but we shall restrict our 
consideration to the latter. It is easy to verify that I is an rls-contractive 
map iff I is an rls-globally contractive self-mapping (2.11). So in the 
notation of 3.8 theorem 2.12 takes the form:-
3.9. Theorem: (Cf. [2] page 984) An rls-contractive self-map I of 
a sequentially complete Hausdorff uniform space X has a unique fixed point. 
We close this paper with a remark that KNILL [7] defines "contractive" 
mappings somewhat similar to 3.8. 
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